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X, 

3 . We explore noncommutative D-branes in the AdSsxS^ background from the 

viewpoint of K-invariance of a covariant open string action in the Green-Schwarz 
formulation. Boundary conditions to ensure the K-invariance of the action lead to 
possible conhgurations of noncommutative D-branes. With this covariant method, 
we derive configurations of 1/4 BPS noncommutative D-branes. The resulting D- 
branes other than D-string are 1/4 BPS at any places, and the D-string is exceptional 
and it is 1/2 BPS at the origin and 1/4 BPS outside the origin. All of them 
are reduced to possible 1/4 BPS or 1/2 BPS AdS D-branes in the commutative 
limit or the strong magnetic flux limit. We also apply the same analysis to an 
open superstring in the pp-wave background and derive conhgurations of 1/4 BPS 
noncommutative D-branes in the pp-wave. These D-branes consistently related to 
AdS D-branes via the Penrose limit. 



1 Introduction 

Noncommutative geometry in string theory has been well studied from the novel work 
of Seiberg and Witten [1]. When D-branes are considered in the presence of a constant 
NS-NS two-form B, a low-energy effective theory on the world-volume is realized as a 
field theory on a noncommutative space. The constant two-form flux may be taken as a 
magnetic flux on the world-volume. D-branes with constant fluxes (i.e. gauge fleld conden- 
sates on the branes) are often referred to as noncommutative D-branes. Noncommutative 
D-branes in flat spacetime have been well studied (for example, see [2-4]), but it seems 
not to be the case for those on curved backgrounds. Here we are interested in AdS-branes 
with gauge fleld condensates, which are interesting objects to study in the context of the 
AdS/CFT correspondence [5]. 

An AdS-brane gives a defect in the fleld theory side, and another fleld theory [6], 
which is called defect conformal fleld theory (dCFT), is realized on the defect [7]. When 
magnetic or electric flux is turned on through the AdS-brane worldvolume, the flux should 
deform the dCFT and it is interesting to study the resulting theory. For example, in the 
recent study of the AdS/CFT duality at a far-from BPS region, an integrable open spin 
chain appears in the analysis of the dCFT [8] ^. When the flux is turned on, it may 
be interpreted as a boundary magnetic fleld of the open spin chain. For this purpose, 
as the flrst step, we will study noncommutative D-branes in the AdSsxS^ and pp-wave 
backgrounds ^. 

In a series of our previous works we showed the power of /t-invariance of type JIB 

superstrings in a covariant classiflcation of possible D-branes in AdSsxS^ [12,13] (For 

a short review see [14]) and in the pp-wave [15] ^. The k- invar iance of an open string 

requires that surface terms under the /t-variation should be deleted by imposing some 

additional conditions [22] , which lead to the classiflcation of the possible D-branes. This 

procedure has some advantages in comparison to the brane probe analysis with Dirac- 

Born-Infeld (DBI) action on the AdS and the pp-wave [18]. First, it is obvious that we 

do not need to analyze each of DBI actions of Dp-branes. All we have to consider is 

just a string action. Secondly, our procedure is covariant and does not depend on the 

light-cone gauge. Finally we can show that the classiflcation is valid at "full order'^ of 

the fermionic variables [13]. This procedure is also applicable to Dirichlet branes for an 

^For other open spin chains, see [9] for D3-D7-07 and [10] for a giant graviton. 

^Noncommutative D-branes in the pp-wave background are also discussed in [11] 

•^For a classification of possible 1/2 BPS D-brancs on a pp-wave with the light-cone gauge, see [16-21] 



open supermembrane on the AdS4/7 x S'^^^ background [23,24] and the pp-wave [25,26], 
and D-branes [27] of type IIA pp-wave string [28]. These results are consistently related 
via the double dimensional reduction 



In this paper we explore noncommutative D-branes in the AdSsxS^ background by 
analyzing a covariant type IIB string action in the Green-Schwarz formulation [30]. We 
apply the procedure developed in our previous papers to the case with a constant two- 
form JF composed of B and the field strength on the D-brane. The boundary conditions 
to ensure that surface terms under the /^-variation vanish are shown to lead to possible 
noncommutative D-branes.^ As the result, we find 1/4 BPS noncommutative D-branes. 
The D-branes other than D-string are 1/4 BPS anywhere, but the D-string is exceptional 
and it is 1/2 BPS at the origin and 1/4 BPS outside the origin. All of them are reduced 
to possible 1/4 BPS or 1/2 BPS AdS D-branes in the commutative limit or the strong 
magnetic fiux limit. We also apply the same analysis to an open superstring in the pp- 
wave background and derive configurations of 1/4 BPS noncommutative D-branes in the 
pp-wave. These are consistently related to noncommutative AdS D-branes via the Penrose 
limit [31]. 

This paper is organized as follows. In section 2, we shall introduce a covariant action 
of a type IIB open string in the AdSsxS^ background in the Green-Schwarz formulation, 
which includes a constant two-form JF. Then we write down surface terms under the 
K-variation of the action, which play an important role in determining possible configu- 
ration of noncommutative D-branes. In section 3, we discuss noncommutative D-branes 
in flat spacetime. The well-known results obtained in the different methods can be re- 
produced and this justifies the consistency of our method with the others. In section 4, 
we discuss 1/4 BPS noncommutative D-branes in AdSsxS^ . In section 5, after introduc- 
ing a covariant action of a pp-wave superstring with a constant two-form, we find 1/4 
BPS noncommutative D-branes in the pp-wave. Section 6 is devoted to a summary and 
discussions. 

2 Open AdS superstring with a constant two-form 

In this section we shall introduce the covariant action of the type IIB string on the 

AdSsxS^ background [30], including a constant two- form. The action has the /t-symmetry 

*In this paper, we consider surface terms up to the fourth order in 9. We expect that the resuh is 
vahd even in the full order as was proven in [13] for the commutative case. 



which ensures the consistency of the theory. When we consider an open string rather than 
a closed string, the /t- variation of the action gives surface terms and so we need to impose 
some boundary conditions in order to preserve the /t-symmetry [22]. These conditions 
restrict possible configurations of D-branes in AdSs x S^ . We will derive the surface terms 
here, and the boundary conditions will be considered in section 3 and 4. 

2.1 The action of AdS superstring 

The action of type IIB superstring on a supergravity background is given by 

S= fd^a[C^G + Cwz], (2.1) 



where the Nambu-Goto (NG) part is 
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C^G = -V-9iX,e), (2.2) 

9^,=E^E^GMN = EfEf^AB, Et = d,Z^E^, Z^ = (X^, ^ , (2.3) 
and the Wess-Zumino (WZ) part consists of the two parts ^: 

£wz = ^YJZ + -^wz ) (2-4) 

£^2 = -2i / dtE^eVAaE , (2.5) 



^0 

^wz = \^''4efTAB = \e''d,X^ei,d,X''elTAB , (2.6) 

where E = E\g^t8 and a = a^ for an F-string while a = ai for a D-string. We will focus 
upon the F-string case hereafter. The two-from field strength JF is defined hj J-' = B — da 
where a is a gauge field on the D-brane. 

For the case of the AdSsxS^ we are interested in, the supervielbein is given by [12] 



E- = e- + ter- ^— ^C^J DO, E" = [-^^De ] , (2.7) 

where we have introduced the following quantities: 

De = de + ^e^fAt(T2e + ^c^^^Fab^ , 

Tyl = (— FqJ, Ta'J) , Tab = { — Tabl, Ta'b'J) , 
J = r°1234 J ^ p56789 _ (2.^ 



'"'We follow the notation used in [12]. 

^For alternative superstring actions in AdSsxS^, see [32-34] (see also [35]). For classical integrability 
of AdS superstring [36] in [34], see [37]. 



Here e and uo are the vielbein and the spin connection, respectively, on the AdSsxS^ 
background. 

In the presence of a non-trivial constant JF along the D-brane world- volume (i.e., 
Tab = const, and others = 0), the boundary condition for Neumann directions is modified 
and becomes a mixed boundary condition. The resulting boundary condition is as follows: 



dnX^ejj + dtX^ef^^B^ = , A^ (i = 0, ■ ■ ■ , p) G Neumann 
dtX^e^ = , ili (i = p + 1, ■ ■ ■ , 9) G Dirichlet 



where dt and 9„ are derivatives on (9S tangential and normal to the D-brane world- 
volume, respectively. In the limit for a magnetic flux, JF — > c)0, Neumann directions 
(A, B) are replaced by Dirichlet directions. On the other hand, for an electric flux F, 
no dimensional reduction of the D-brane occurs because the range of the electric flux is 
restricted as < JF < 1 . 

2.2 The /v-variation of the open string action 

According to our procedure explained in the introduction, let us examine the surface terms 
under the /t- variation of the type IIB string action on AdSsxS^ up to fourth order in 9 . 
For the case with JF = 0, the vanishing conditions on the surface terms were examined 
in [12]. 

To extract the surface terms of the fourth order in 6 from 5*^2 — /s'^^'^'^wz) ^^ 
need to know the expression of the /t-variation up to fourth order in 9. The /t-variation 
5f^E^ = S^Z'^E^ = in this background is given as [13] 

(5«X^e^, = -il + H + H^ + --- )^bE^5J^ , (2.10) 

where 

It is easy to derive 

6,X^ei, = -z9T^6J - ^9T^M'6J 

-9r^{^fBta29 + icuij^^FcD^) 9r''6J + 0(9'^) . (2.12) 



By using this expression, we obtain the /t-variation surface term of 5^2 
J as 






0{9^) . (2.13) 



It is known that the k- variation of the total action S gives surface terms only. In particular 
the NG part produces no surface term, and so the /t-variation surface terms emerge only 
from the WZ part. 

The surface terms under the /t-variation of the WZ term are given by 



5kS^ 



WZ 



d^ 



as 



with 



C' 



C 



r + c^ + c 



spin 



(2.14) 



-idiX'^'ettieVAaSJ + TabOT''5J) 
+-{9T^6J 9TA(rdt9 + 9TA(r6J 9T^dt^ 



:2.15) 



dtX'^'e^ 



M 



A,.. 



i9TACTTctcT29 + TAB0T''Tcta29) 9T'^5J 



A 



+-{9T''6J 9TBTAaia29 + 9T''a6J 9TBTAt(r2i 



1 ,7^^ 



--(9VA<yM^5J + J^ABOT^'M^d^i 
1 



£«p- = --uj^'^dtX^'ei 9V''5,9{9VA(jVcDe + J^ABeV^TcDi 



-M^D 



+-uj^^dtX^eZ{9T''6J 9TATBc(r9 + 9T^a6J 9TaTbc^ 



(2.16) 



(2.17) 



where /^'^p™ includes a;-dependent terms, C^ includes A-dependent (but a;-independent) 
terms and C^ includes A-independent terms. These surface terms should vanish under 
some conditions to ensure the /t- invar iance. From the next section, we will examine the 
conditions under which the surface terms vanish. 



3 Noncommutative D-branes in flat spacetime 

In this section we will examine the vanishing condition of C^ . This condition leads to the 
classification of the possible noncommutative D-branes in flat spacetime, since the AdS 
metric is reduced to the fiat spacetime metric when we consider the A = case. 



Noncommutative D-branes in the Green-Schwarz formulation have been already stud- 
ied before [2-4], but our analysis here is covariant and so more general. 
First, let us examine the first line of £" , which is the second order in 9 , 



tdtX'^eUeVAadJ + TABOT'^S^e) 



-idfX'^'e 



M „A 

M 



l + T)A''e'Ts6J'-il-T)A''0'Ts6J' , (3.1) 



where we have used the boundary condition ()2.9|) . We should carefully consider the gluing 
conditions for the fermionic variable 6 at boundaries in order to see that the surface terms 
vanish. For this purpose we define the following matrix, 

[(P+l)/2] 

M = goT^'-^" n (9n + /i„r^^"-i"^") , (3.2) 

n=l 

and demand 

02 = Me^ . (3.3) 

Because 9^ and 9'^ are Majorana-Weyl spinors, p must be odd, p = 1, 3, 5, ■ ■ • . 
Let C be the charge conjugation matrix satisfying 

(r^)^ = -CT^C-' , (3.4) 

then one finds the following relation, 

9^ = 9^C-^M^C = 9^M' , (3.5) 



M' = (-l)P+i+['^]^o n(^" - KT~^^-'~^^-)T^^-^^ . (3.6) 



r p+i 

n=l 



\i B E {a2^-i, a2e} , then we find that 

M'TbM = -sgl \{{gl + hlsn){gi - h,s, + 2g,h,e,)B''Tc (3.7) 

where {ei)a2^_^"'^'^ = r^'*2«"2f^ i^^^^_^a2i>-i _ _^a2i-ia2i-i ^^-^^ others are zero. Hence the 
vanishing condition of the first line of £° is 

(1 + ^)/ = (1-^)/ [-sgl\[{gl + hlsn){gl-h]s, + 2g,h,e,)c^\ . (3.8) 
For the case without an electric JF, since 

Q = ' - = (^iJ^a2t^ia2t (3-9) 



and s„ = 1, ()3.8|) implies the following two equations: 

1 = -sgl \{{gl + hl){gl - h] - 2g,hJ^ee) , (3.10) 

^ = ~sgl \[{gl + hl){2g,h,e, - {gj - hj)J^) , (3.11) 

for 1 < £ < [2±i] . These are solved by 

fl'o = y-s , gn = cosifn, /i„ = sin v?„ , J^a2r,-ia2n = tan ipn (3.12) 

where < </?„ < '7r/2 . 

For the case with an electric JF, say J-'aia2 ^md rja^^ai = —^0.20.2 = ~1 ; since 

/Ol\ / J^ai'''^ 

ei = . - = ei^^aiaa , (3.13) 

Si = —1 and s„ = 1 (n > 2) , ()3.8|) implies 

1 = -^9o Yligl + hlsn){gj - hlsi - 2geheJ^ei) , (3.14) 

^ = -sgl \[{gl + hlsn){2g,h,e, - [g^ - hls,)J') (3.15) 

for 1 < ^ < [^^]. These are solved by 

fl-o = v^ , (3.16) 

gi = cosh(y9i , hi = sinhy^i , J^aia2 = tanhy^i (3-17) 

5f„ = cosv5„, /i„ = sinv9„, J^^an-iSan = tanv9„ (n > 2) , (3.18) 

where < y^i < oo and < </)„ < 7r/2 (n > 2) . 
In both cases, M is written as '^ 



-'5 



[{P+l)/2] 
ra=l 

It is clear from this expression that a noncommutative Dp-brane is reduced to a commu- 
tative Dp-brane for \/(fn -^ . On the other hand, it is reduced to a noncommutative 



'''For the case with an electric J^aia^ , we have used coshipi + T"-^"-^ sinh(y3i = exp((^ir°i°^) . Because 

— arctanh J^aiaa = 
only for an electric J-' . 



If I — arctanh J^a,a, = 9 log i_-f!^!^ 1 we believe that the gluing matrix in the earlier literature is valid 



D(p — 2)-brane for a magnetic ^a2„_ia2„ ^ oo (v9„ ^ 7r/2) , while remains to be a non- 
commutative Dp-brane for an electric Ta^a^ -^ 1 ((/^i ^ oo) . 

It is convenient to rewrite the boundary condition (f^ = M6^ in the 2x2 matrix form 
as follows: 

e = M9= \ ] , M^ = 1. (3.20) 

Here the matrix M is defined as 

M = y^exp(- Y^ (/?„r^2-i«2n^g)r^ (^3 21) 

n=l 

and then the matrix p is represented by 2 x 2 Pauli matrices, according to the value of p , 

{cTi when n = 1 mod 4 

(3.22) 
—ia2 when p = 3 mod 4 

The range of the parameter (pn depends on the type of the flux, namely magnetic or 
electric. For the magnetic flux case (pn takes the value in the range of < </)„ < it/2 and 
for the electric flux case it takes in <</?„< oo . As we have just seen above, the gluing 
matrix M satisfies 

M'r^as + r^o-gM + J^AsiM'T^ + T^M) = , (3.23) 

or equivalently 

M'iT^a, + J^AB^^) = -(r^aa + ^ABr^)M (3.24) 

where M' is defined as 

M' = C-^M^C = -M . (3.25) 

It is obvious from (J3.24J) that the first line of £" vanishes. 

Then, by using ()3.23p . the second line of C^, the fourth order term in 6 vanishes as 
follows: 

= —J^ABid^^sj er^ + eT^5j eT^)dte = o , (3.26) 

where we have used 

er^s^e = -omtH^o = -er^6j = . (3.27) 
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J- —> oo 



NCD9 
CD9 



NCD7 

i 
CD7 



NCD5 

i 
CDS 



NCD3 

i 
CD3 



NCDl 

i 
GDI 



CD(-l) 



Table 1: The sequence of noncommutative D-branes in flat spacetime. 

In summary we have discussed boundary conditions and constructed the gluing matrix. 
As the result we have found the well-known result that noncommutative Dp-branes with 
p = odd in flat spacetime. By taking a strong flux limit JF ^ oo for a magnetic case, 
Dp-branes are reduced to D(p — 2)-branes. The commutative limit J-" —>■ leads to the 
standard commutative D-branes. The sequence of them via the two limits is depicted in 
Table ^ All of these D-branes are 1/2 BPS. In the case of flat spacetime higher order 
terms than the fourth order in 9 do not appear and so our result is rigorous with respect 
to^. 



4 Noncommutative D-branes in AdSsxS^ 

In this section, we examine A-dependent terms C''^ and cu-dependent terms /^'^p™. These 
terms include the parameter A , which characterizes the AdS geometry. Hence the analysis 
here is intrinsic to the AdS case and the boundary conditions lead to a classification of 
possible noncommutative AdS-branes. 

It is straightforward to see that by using (j3.23|) . C^ is rewritten as 






I 7^, 



+-9{VA<y; + Tab^'')MM''5,9 






The first and the second lines in ()4.H) vanish when 

MTQi(j20 = TQi(j20 , 
which ensures that the third line vanishes as 

^1^1^2(72^ = -9TBMfAi(y20 = ~eTBfAicr20 = 



(4.1) 



(4.2) 



(4.3) 



Among odd p, we find that this is satisfied for p = 1 . Noting that 

[ip^T~-^~^'a3,fcta2]=0 (4.4) 

is satisfied by (2,0)- and (0,2)-branes, we find that ()4.2|1 is satisfied by the Dl-branes. It is 
straightforward to see that the fourth fine vanishes for the Dl-branes. As we will see soon, 
£spin vanishes for these branes sitting at the origin, and thus we find that noncommutative 
Dl-branes, (0,2) and (2,0), sitting at the origin are 1/2 BPS. 

To proceed further, we shall introduce an additional gluing matrix Mq satisfying 

A J I \/^ for » = 1 mod 4 



Mo = £or^°-^^ 1 , i= { ^ "^ (4.5) 

^/s for p = 3 mod 4 



and demand 9 = Mq9. It satisfies 

M'o = C~^MlC = (-1)p+i+[^]Mo . (4.6) 

The gluing matrices, M and A4"o, commute each other i.e., [M,Mq\ = 0, and hence 
the branes obtained below are 1/4 BPS. Here we should note that the most general 1/4 
projections are not always written in terms of mutually commuting gluing matrices only. 
Hence 1/4 BPS noncommutative D-branes we are considering is a part of possible 1/4 
BPS D-branes. 

By using the gluing condition 6 = Mq6 , we can derive the following equations: 

er^sj = eM^T^MoSj = o , (4.7) 

when p = 3 mod 4 , and 

^(r^a3 + ^A5r^)MfczM =0, (4.8) 

when p = 1 (3) mod 4 and d, d! = odd (even) . Here d [d') is the number of Dirichlet 
directions in AdSs (S^), respectively. It follows from these equations that the first and 
the second lines in (J4.H) vanish when one of the foUowings is satisfied 

• p = 3 mod 4, 

• p = 1 mod 4 and d = odd. 

On the other hand, by noting that 

er^asSJ = when p = 1 mod 4 , (4.9) 

6r§r^i(T2 = when p = 1 (3) mod 4 and d, d! = even (odd) , (4-10) 

we find the third line vanishes when one of the foUowings is satisfied 
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• p = 1 mod 4, 

• p = 3 mod 4 and d, d' = odd. 

In summary we find that the first, the second and the third fines vanish when d =odd 
and p = 1,3 mod 4, namely we see that (even,even)-branes are possible. 
Let us examine the fourth line. Noting that ()4.7p and 

er^MTAe = O when A G N{D), p = 1(3) mod 4 and d, d! = odd, (4.11) 

9T^MTabO = whenp=lmod4, (4.12) 

^r^iWT^^e = ^F^MTabM = when j9 = 3 mod 4, (4.13) 

9f^-ia2SJ = when p = 1(3) mod 4 and d, d! = even(odd), (4.14) 

eT^^ia2SJ = eV^ia25^e = when p = 1(3) mod 4 and d, d' = odd(even) , (4.15) 

we find the fourth line vanishes for (even,even)-branes. 

Next, we examine cj-dependent terms, /^'^p™, which are rewritten as 

1 



-a;^^9tX^^^e^, eV'dJ 0(1^^3 + J^ab T'')MTcd0 



o 
+lu;^CdtX''e2i 9T^cT,6J eVATBce . (4.16) 

o 

Let us consider 1/2 BPS Dl-branes, (2,0)- and (0,2)-branes, first. The vanishing condition 
for the first and the second lines is 

cug^MFcD^ = uj^i^'TcDe (4.17) 



which ensures that the third line vanishes. Since ui^ = (see Appendix B in [12]) and 
M^CD = ^CD^ fo^^ these branes, the first and the second lines vanish if i^£,~ = 0, i.e., if 
branes are sitting at the origin. As ^r^r^,^^ = for these branes, the last line vanishes if 
LV^— = 0, i.e., if the branes are sitting at the origin. Thus (2,0)- and (0,2)-branes sitting 
at the origin are 1/2 BPS. 

Next we consider 1/4 BPS D-branes. First we examine the first and the second lines. 
They vanish when p = 3 mod 4 due to (j4.7j) . For p = 1 mod 4 , the terms proportional 
to u'"— vanish due to ()4.12j) . Noting that uj^— = , we are left with the terms including 
u'^^ . It is natural to expect that ut'-^^ = for J-'bc t^ 7^ ^de ■ This implies that 
()4.17|) is satisfied for p = 1 mod 4. Thus the first and the second lines vanish under 
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the configuration even outside the origin. Next we examine the last hne. It vanishes for 
p = 1 mod 4 due to (j4.9|) . Since 



6TaT§(j6 = when p = 3 mod 4 



(4.18) 



BC 



and u^ = , we are left with terms proportional to to . By the same reasoning above, 
we derive 



,BC 



BC? 



ujf-eVATBcO = oof^OM'TATBcO = -ujf.'^eV aT bcMO = 



(4.19) 



so that the last line vanishes even for p = 3 mod 4 . We note that /^'^p™ vanishes under 
the configuration even outside the origin. 

Summarizing, we find 1/4 BPS noncommutative D-branes depicted in Table |21 (2,0)- 
and (0, 2)-branes are 1/2 BPS when they are sitting at the origin, while 1/4 BPS when 
they move away from the origin. 



Dl 


D3 


D5 


D7 


D9 


(2,0), (0,2) 


(4,0), (0,4), (2,2) 


(4,2), (2,4) 


(4,4) 


absent 



Table 2: 1/4 BPS noncommutative D-branes in AdSsxS^ 

When VJF — > 0, 1/4 BPS noncommutative Dp-hianes with p = 3 mod 4 are reduced to 
1/4 BPS commutative Dp-branes, while 1/4 BPS noncommutative Dp-branes with p = 1 
mod 4 become 1/2 BPS commutative Dp-branes because surface terms vanish without 
Mo in this limit [12]. We summarize commutative D-branes sitting at the origin in Table 
3. 



SUSY 


D(-l) 


Dl 


D3 


D5 


D7 


D9 


1/2 
1/4 


(0,0) 


(2,0), (0,2) 


(3,1), (1,3) 
(4,0), (0,4), (2,2) 


(4,2), (2,4) 


(3,5), (5,3) 
(4,4) 


absent 



Table 3: Commutative D-branes in AdSsxS^ sitting at the origin 



Penrose limit 

Now let us discuss the Penrose limit [31] of the above branes. The Penrose limit is taken 
as follows [38]. First let us introduce the light-cone coordinates as X^ = ^(X^ ± X^) 



V2' 
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and 0± = P±9± with P± = ir+r_, and scale as 

x+ -^ n^x+ , e+ -^ ne+ . (4.20) 

Then the hmit i7 — i> is taken. We distinguish the cases depending on the boundary 
conditions of the hght-cone coordinate (X+,X~) as (N,N) for X^ G Neumann directions 
and (D,D) for X^ G Dirichlet directions. We consider the Penrose hmits of (N,N)- 
and (D,D)-cases. Then we see that the noncommutative AdS-branes obtained above are 
reduced to noncommutative D-branes in the pp-wave as shown in Table 01 

4, 1 ^ 4, 1 ^ X 0, 4 1 .— 0, 4 1 ^ X 

4 4 4 4 

(2,2)i ^— (2,2)i -^ (+-;l,l)i (4,4)i ^— (4,4)i -^ (+-;3,3)i 

/o n\ DD ,^ „^ NN ,„ ^^ DD .„ ^^ NN 

(2,0)i < — (2,0)i — > X (0,2)i < — (0,2)i — > X 

4 4 4 4 

(4,2)i ^— 4,2 1 — ^ +-;3,1 1 2,4 i ^— 2,4 i — ^ +-; 1,3 i 

4 4 4 4 4 4 

Table 4: Penrose limit of noncommutative AdS-branes. 

In the subsequent sections, we will discuss noncommutative D-branes in a pp-wave by 
studying the K-invariance of a covariant string action on the pp-wave. We will see that 
the possible noncommutative D-branes are (H — ;odd,odd)- and (even,even)-type configu- 
rations and all of them are consistently obtained in the Penrose limit considered above. 

5 Noncommutative D-branes in the pp-wave 

In this section we shall consider an open superstring in the maximally supersymmetric pp- 
wave background. D-branes in the pp-wave have been well studied and noncommutative 
D-branes in the pp-wave are also discussed in [11]. However, most of the earlier works 
are done in the light-cone gauge. As far as we know, there are no covariant studies of 
noncommutative D-brane in the pp-wave. Hence, by repeating the analysis in the case 
of the AdS superstring, let us classify possible noncommutative D-branes in the pp-wave. 
This classification is also our new result. 

5.1 Open pp-wave superstring with a constant two-form 

For the pp-wave background supervielbeins are given by [12] 
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Here we have introduced several quantities: 

2 

De = dO + e- ^{f + g)ia,9 + e™ ^f„,ta,e + e^ ^T„,T+e , 






r. 



~^ rs^ +/) i r's'i - 



e+ = rfX+-— (X™)2rfX-, e^ = dX-, e"" = dX' 



X™rfX- . 



In this parametrization, the pp-wave metric becomes the standard form 



ds^ = 2e+e" 



2dX+dX~ - ^2(x™)2(rfX")2 + {dX' 



The WZ action in the case of the pp-wave is given by 

'S'wz = d a [C^^z + -^wzj 



with 



(5.1^ 






-WZ 



r^ 

'~'\i 



WZ 



A3 



idiX^eijOTAcrDje - —diX^e^eTA(rM''Dje 



I 
12' 



+ -9T^Di9 9TAcrDj9 
The universal feature of k- variation is 



0(^6) . 



(5.2) 



(5.3) 



S^E^ = S^X^Etr + 5^9'^ E^ = 



(5.4) 



and for the pp-wave case it can be rewritten, at the fourth order of ^ , as 

<5.X^e^ = -'-9THJ - 1-^9T^MHJ - ^9T^6J 9T^{gB + gfW + 0{9') , (5.5) 
where qa and g^^™ are defined, respectively, by 



„M I „- l^ / j: , „\„-_ I „m A'-ri „•_ ^ spin _ M ( „m f^ 



M - r' / r . \ ■ I mf^-n • \ spin M m A" -n "n 

0A = eA (^ejv^-(/ + ^)m2 + ejvj-r„2CT2J , QA = ^a {(^*my^^''^+ 
It is straightforward to see that 

2 

Q- = 2 (/ + 9)i(^2 , Qm = 2? m«o-2 , Q-"' = YX"T„r+ , 
and others vanish. 



(5.6) 



(5.7) 
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Under the K-variation, S'ng does not produce a surface term. The surface terms under 
the K-variation of ^wz are obtained as 



JdT, 



(5. 



with 



£° = -I [evAcyS^e + j^ABeV'd^e) x^'ei 



1 /^, 



M 



■^An 



C' 



+- ( 9T''6J 9TA(r9 + 9TAcr6J 9T''9 



- -9T''5^9 i9TAa0c9 + J'ab9T''qc9) 
+^ {9T''5J 9TBcrgA9 + 9TBcr6J 9T''gA9) 



(5.9) 



« /7T^ 



£ 



spin 



-—{9TacjM^6J + J^ab9T''M^6J 






^9T<=^6J {9TAagr0 + ^ab9T'' gf^'^e 



-Bi 



^B spin. 



+ - ( 9T"5^9 9VB(yQT0 + 9TBcr5J 9T"qT'9 ) X^^^e^ 



'MA 



(5.10) 



(5.11) 



In the next subsection we will examine these surface terms and determine boundary 
conditions under which these vanish. 

5.2 1/4 BPS noncommutative D-branes in the pp-wave 

In order to determine the boundary conditions for the fermionic variable 9 , we shall 
introduce the gluing matrix M given in ()3.2H) and demand that 9 = M9 in the same 
way as in the AdS case. Since it satisfies ()3.23|) , £° vanishes. 
By using ()3.23p . C^ can be rewritten as 



U. 



9V'^5J9{VA + J'AB^nMQc9 



l^^ 



^9V"5J9iVB + J'Bc^nMQA9 
'\9TB(yz5J 9T^qa9 



^-9{V ^-r T-ab^'')MMH,9 



M „A 
M 



X'^'e 



(5.12) 



where we have used 



9T^SJ = -9{M'T^ + T^M)6J = . 



(5.13) 
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The vanishing condition for the first and the second hnes is 

MqcO = QcMe , (5.14) 

which ensures that the third hne vanishes. ()5.14|) means 

MQ^e = Q^Me (5.15) 

for - G D , while for - G A^ , (j^TT^ and 

MqzO = gzMO . (5.16) 

Among other p, p = 1 is the special case. For p = 1 and — E D, ()5.15|) is satisfied when 

^^Y^2n-ia2nf ^ f^^Y^2n-ia2n ^^^ d = eVeU , (5.17) 

where d {d') is the number of Dirichlet directions contained in {1,2,3,4} ({5,6,7,8}), 
respectively. This means that the condition is satisfied by (2, 0)- and (0, 2)-branes. On 
the other hand, for — G A^ , ()5.16j) implies that 

(^^ra2„-ia2„(^j + g) = _(/ + ^)^^r"2"-i^2" and d = even , (5.18) 

which is not satisfied by the (H — )-brane. Thus we find that for (0,2)- and (2,0)-branes 
the first and the second lines vanish and so the third line vanishes. It is straightforward 
to see that the last line vanish for these branes. As will be seen below, /^'^p™ vanishes for 
these branes sitting even outside the origin. Thus we find that (0,2)- and (2,0)-branes 
sitting anywhere are 1/2 BPS. 

For 1/4 BPS branes^, we introduce an additional gluing matrix Mq given in ()4.5p 
which commutes with M, [M, Mq] = 0, and satisfies 

M'^ = C~^MlC = (-1)p+i+['^1Mo . (5.19) 

First we examine the first and the the second lines in ()5.12|) . By using the boundary 
condition 6 = MqO, 

9T^6J = for p = 3 mod 4 (5.20) 

is derived and so they vanish for p = 3 mod 4. For p = 1 mod 4, since 

eV^MQcO = -OMoT^MqcO = eV^MM^QcO (5.21) 

^We should note that 1/4 BPS branes we consider here is a part of general 1/4 BPS branes. The 1/4 
projectors here are composed of two of mutually commuting gluing matrices only. 
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and 

MoQ^ = !^{{-lYf+i-lfg)za2Mo 

,. /-(-l)V-Mo, -i-lf Q,,Mo, -ED 

MoQrn = < , (5.22) 

[0 - e N 

they vanish when one of the followings is satisfied 

• p = 3 mod 4, 

• p = 1 mod A, — E D and d = even, 

• p = 1 mod 4, — E N and rf = odd. 

Next, we examine the third fine. It vanishes when p = 1 mod 4 because 

er^a^dj = for p = 1 mod 4 . (5.23) 

For p = 3 mod 4, since 

er^Q^e = ev^M^QAe (5.24) 

and ()5.22|) . the third fine vanishes when one of the followings is satisfied 

• p = 1 mod 4, 

• p = 3 mod 4, — G -D and d = even, 

• p = 3 mod 4, — e A^ and d = odd. 

Summarizing we find that the first, second and third lines vanish for (H — ;odd,odd)- 
branes and (even,even)-branes. 

It is straightforward to see that for these branes the fourth line vanishes. 
Next we examine £^^^^, which is rewritten by using ()3.23|) as 

-\eT^5j ^(r^aa + :Fbc T^)MQYe 

+\evBa,5.e ev^QYe] x^'ei . (5.25) 

In the presence of JF on the D-brane world-volume, the spin connection g^]:^^dX~ = 
ij^~^dX~ may develop additional components u^^dX~. Even in this case, it is natural 
to expect that 

[^^Y~^2n-l-a2n^^AB^__^^Q (5.26) 

17 



as in the AdS case. For — E D, it vanishes as f)^™ 7^ only for C = — , so we consider 
the case with — E N below. The first and the second lines vanish for p = 3 mod 4 due to 
()5.2()|) . Even for p = 1 mod 4, they vanish since we derive 



CD 



and 



e{r^as + J'ABr'')TcDOu; 



e{TAcr, + ^^5r^)M^x^r„r+^ 



-eir^as + j^As^^)TcDMeuj^^ = o , (5.27) 



-eMoiVACxs + J^ABr^)M^X^T^T^e 



. 



(5.2^ 



Next we examine the last line, which vanishes when p = 1 mod 4 due to ()5.2H|1 . For 
p = 3 mod 4, it vanishes since we derive assuming ()5.26|) 



er^Tnneu}^^ = -er^TrnMeu^^ = o 



CD 



CD-' 



and 



^r=^— x^r^r+0 = er^Mo—x^TmT+e = o . 



(5.29) 



(5.30) 



Summarizing /^'^p™ vanishes for (H — ;odd,odd)-branes and (even,even)-branes even if they 
are sitting outside the origin. Finally, it is obvious that (0,2)- and (2,0)-branes are 1/2 
BPS even off the origin, because — E D for these branes. As a result, we have obtained 
noncommutative D-branes summarized in Table 



SUSY 


Dl 


D3 


D5 


D7 


D9 


1/2 
1/4 


(0,2), (2,0) 


(4,0), (2,2), (0,4) 

(+-;!,!) 


(4,2), (2,4) 
(+-;3,1), (+-;1,3) 


(4,4) 

(+-;3,3) 


absent 



Table 5: Noncommutative D-branes in the pp-wave 

In the commutative limit VJF -^ 0, noncommutative D-branes above are reduced to 
commutative D-branes. Combining the result obtained in the flat limit with that obtained 
in [12], we summarize commutative D-branes sitting at the origin of the pp-wave in Table 

El 
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SUSY 


D(-l) 


Dl 


D3 


D5 


D7 


D9 


1/2 


(0,0) 


(0,2), (2,0) 


(1,3), (3,1) 

(+-;0,2) 
(+-;2,o) 


(2,4), (4,2) 

(+-;i,3) 
(+-;3,i) 


(+-;2,4) 
(+-;4,2) 


absent 


1/4 






(4,0), (2,2), (0,4) 

(+-;i,i) 




(4,4) 

(+-;3,3) 





Table 6: Commutative D-branes in the pp-wave (sitting at the origin) 

6 Summary and Discussions 

We have considered some possible configurations of 1/4 BPS noncommutative D-branes 
in the AdSsxS^ and the pp-wave. The 1/4 BPS noncommutative AdS-branes are allowed 
to exist at arbitrary position in the spacetime. The D-string case is exceptional and it is 
1/2 BPS at the origin and 1/4 BPS outside the origin. We also have seen that all of them 
are reduced to 1/2 BPS and 1/4 BPS commutative AdS-branes in the commutative limit 
or the strong magnetic fiux limit. The 1/4 BPS noncommutative D-branes in the pp-wave 
background have also been classified by applying the same analysis as in the AdS case to 
the pp-wave case. The resulting possible D-branes are consistently reproduced from the 
noncommutative AdS-branes via the Penrose limit. 

It would be possible to see that the result shown in this paper is still valid at full order 
in 9 by following our previous paper [13], though the possible noncommutative D-branes 
have been classified at fourth order in 9 . This issue is more complicated and so we leave 
it as a future problem. We hope that we could report on this issue in the near future. 

It is also interesting to consider the interpretation of our results before taking a near- 
horizon limit. According to the work of Skenderis and Taylor [18], an AdS-brane is surely 
related to a supersymmetric intersection of D-brane with a stack of A^ D3-branes. Hence 
our result may also be interpreted in terms of the intersecting D-branes. In particular, 
the T-dual picture would be related to an intersecting D-branes at angles [39]. For this 
direction, it would also be useful to generalize the work [18,40] by including a constant 
two-form. There the relation to dCFTs is also discussed. As a generalization of our work, 
it would be interesting to consider an intersecting AdS D-branes (for an intersecting D- 
branes on a pp-wave, see [41]), though we have discussed a single AdS D-brane here. 

As another generalization of our works, it would be interesting to consider oblique D- 
branes [42] with gauge field condensates in the pp-wave background as discussed in [43,44]. 
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It would also be nice to study the AdS origin of the oblique D-branes by following [45]. 

As an interesting application of our procedure, we can consider noncommutative M- 
branes. For noncommutative M-branes, the classification of the possible Dirichlet branes 
is drastically modified and one can see some interesting features. For this subject we will 
report in other papers soon [46,47]. 
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